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Abstract. - Using results from Schramm Lowner evolution (SLE), we give the expression of 
the fluctuation-induced force exerted by a polymer on a small impenetrable disk, in various 2- 
dimensional domain geometries. We generalize to two polymers and examine whether the fluc- 
tuation force can trap the object into a stable equilibrium. We compute the force exerted on 
objects at the domain boundary, and the force mediated by the polymer between such objects. 
The results can straightforwardly be extended to any SLE interface, including Ising, percolation, 
and loop-erased random walks. Some are relevant for extremal value statistics. 




Fig. 1: Left: Geometry A: A self-avoiding polymer fixed at 

the origin and constrained to remain left of the point z. Right: 
Geometry B: same as A, the polymer being fixed at the top of 
a wedge of exterior angle (j). 



What is the force exerted by a polymer on a small ob- 
ject, such as a mesoscopic disk or a molecule? Simply 
because the object cannot be penetrated by the polymer 
it constrains its thermal fluctuations and feels an entropic 
force. This question is relevant in view of the recent surge 
of interest in fluctuation-induced forces, such as Casimir 
forces, triggered by beautiful experiments in critical sys- 
tems [1]. Apart from Gaussian fluctuations, calculation of 
Casimir forces is diSicult, and it is useful to obtain exact 
results for non-trivial theories [2] . 

While there are many results available in 2-dimensional 
critical systems, some recent originating from stochastic 
Lowner evolution (SLE) [3] (see [4,5] for review), their 
implications in terms of fluctuation-induced forces has to 




Fig. 2: Geometry C: A self-avoiding polymer constrained to 
depart from x — —L, reaching x = L, and encircling both the 
origin and point z. 

our knowledge not been discussed. 

In this Letter, we consider a polymer restricted, e.g. 
by plates or through absorption [6], to a planar geometry, 
modeled by a self-avoiding walk (SAW) of N steps on a 2d 
lattice of spacing a. In the limit of large and small a it 
is described by a continuum model. Start with a polymer 
with one endpoint fixed. Geometry A represented on the 
left of Fig. 1 is a half plane where the polymer's end is 
flxed at the origin and free to wander to inflnity. Then 
place a mesoscopic object, modeled by a disk of size i, 
at point z = X + iy. The object is impenetrable to the 
polymer, which is hence constrained to remain on the left 
of point z. We are interested in the free energy 

= -kTlnV{z,z) . (1) 
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V{z,z) = Z(z,z)/Z where Z is the partition sum of the 
polymer in the absence of the object and Z(z, z) is the 
constrained one. Since the SAW in the continuum limit 
is conjectured to be described by SLE with parameter 
K = 8/3 [7,8], we can use V{z,z) = Vq{9) as given by 
Schramm's formula (for k = 8/3) Vo{0) = cos^{9/2), 
where 9 is the angle with the real axis (see Fig. 1). From 
this we obtain the force exerted by the polymer on the 
impenetrable object: 



/ = -VF = kT^^ -^InVoie) = -fcT^ tan . ^ 
r a& r \2 



(2) 



This result is valid in the (critical) limit a,£ ^r, of object- 
and monomer-size small compared to r. Note that when 
approaching the boundary on the a; < side, the object is 
repelled by a force diverging as 2kT/y, with y the distance 
from the wall. 

We can now use conformal invariance to obtain results 
in various geometries. The simplest one is the wedge ge- 
ometry B, see right of Fig. 1, with exterior angle 0, the 
polymer being attached at the top of the wedge. Under 
the map w — g{z) = z'^/'^ the wedge geometry (in coor- 
dinate z — X + iy) is mapped back to the half plane (in 
coordinate w). The case cj) = 2tt corresponds to the full 
plane with impenetrable positive real axis. Conformal in- 
variance means that V{z,z) = Vo{g{z),g(z)) where Vo is 
the upper-half plane result given above. We find for the 
free energy and force 



fB = -kT 



/cT[ln(H-cos(a6i)) - In 2] 

fig TT 



r (j) 



tan(7r0/20) 



(3) 
(4) 



Let us now study a polymer with two endpoints fixed as 
shown in Fig. 2 (geometry C). Note that since SLE de- 
scribes the continuum limit of the SAW with fixed end- 
points but fluctuating number of steps N at the critical 
chemical potential [7, 8] , a possible setting for an experi- 
ment is to consider the real axis as impenetrable, fix one 
endpoint at x = —L and place a hole at x — L, through 
which the self-avoiding polymer passes. Note that it is 
also possible to use two symmetric holes. Assuming equi- 
librium for an infinitely long polymer ensures that the 
chemical potential is at its critical value. We can now 
use w — g{z) = which maps geometry C back to A. 
It maps the half plane onto itself, preserves the real axis, 
and maps z^—Ltow — and z = L to infinity, hence 
back to Fig. 1. Note that the segment [—L,L] is mapped 
to the real positive w axis. Conformal invariance yields 



-kT 



In 



^r4~2cos(26l)r2i2 + i4 



In 2 



(5) 

with e = 1 if the object is inside the area encircled by 
the polymer and e = —1 if it is outside. Computing 
the force one finds that for 9 = tt/2 the force is radial 
fr = —2ekT/[r{l + r"^ /L'^)] and crosses over from 1/r to 
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Fig. 3: Left: Strip geometry O: A self-avoiding polymer con- 
strained to depart from x = Q, passing through x = iL, and 
staying left of point z. Right: Mapping of the strip to the 
plane. 




Fig. 4: Top: Strip geometry £: A self-avoiding polymer con- 
strained to depart from x = — oo, going to a; = -|-oo, and 
passing at the top of point z. Bottom: Mapping of the strip to 
the plane. 

/r^ as r increases, being attractive if the object is inside, 
repulsive if it is outside. 

Instead of a half-plane one can compute the force in any 
singly connected domain, as e.g. a disk, or a strip. We 
consider two distinct infinite strip geometries z ^ x -\- iy. 
In the first, P, presented on Fig. 3, the strip is < ?/ < L 
and the polymer is attached at z = and z = iL (in the 
sense defined above, i.e. passing through a hole &i Z = iL). 
Using w = tanh(7rz/(2L)) = (e^^/-^ - \)l{e^'^'^ + 1) to 
map it to geometry A of Fig. 1, one finds the free energy 
in geometry T): 



Tt) = — fcTln 



1 1 



\/2sinh(7ra;/L) 



2 2 ^cosh(27rx/i) - cos(27r?//L) 



(6) 



L/2 the force is directed along 



2ir 



which has a finite limit 



On the symmetric line y 
X and equal to fx ^ 
at large negative x 

In the second strip geometry, £ on figure 4, the polymer 
is attached infinitely far away on each side and the object 
is below it. Using the map w — e^^/^, one finds the free 
energy and force (with fx — Q)'. 



= -fcr[ln(l + cos(7ry/L)) -ln2] 



= -7 tan 



2L) 



(7) 
(8) 
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Fig. 5: Top left: Force along fie exerted by 2 self-avoiding poly- 
mers on a point object, if the object is left of the two polymers 
(solid), between them (dashed) or right of them (dotted), in 
geometry A. Top right: geometry C. Two self-avoiding poly- 
mers fixed at — L, passing through a hole at L, and constrained 
to remain above and below the point z. Bottom: Equal prob- 
ability lines (solid) and force flow lines (dashed) for geometry 
T; plot-units are L. 



In all cases considered above the force tends to bring the 
object towards a portion of the boundary. One can ask 
whether it is possible to levitate the object into a stable 
equilibrium away from the boundaries. For this one needs 
(at least) two polymers. This more difficult problem was 
solved when the two polymers start at the same point or 
nearby on the real axis and both go to infinity [9]. We 
use their extension of Schramm's formula to two SLEs 
conditioned not to merge before reaching infinity. One 
defines Vi , Vm and Vr = — Vm — 'Pi the relative weights 
of configurations such that the object is constrained to lie 
on the left of both polymers (1) , in the middle (m) or to 
the right (r). Then Vm — |sin^(6'), hence the free energy 
is: 

Tm = -kT [2 ln(sin 6) + ln(4/5)] . (9) 

More complicated formula hold for Vr and Tr- We obtain 
for the force exerted on a point which remains to the left 
of the two polymers (1), in the middle (m) or to the right 
(r) as / = fne with: 



f 



kT 8sin(6i)[-126icos(6l) -I- 9sin(e') + sin(36')] 



-24cos(26')6' - 366* + 28sin(26l) -I- sin(46') 



kT 



2 cot (6*) 



(10) 



and f^{0) = -/f (tt - 0). This is plotted on Fig. 5. Note 
that when the object is trapped in the middle of the two 
polymers, the symmetry line = 7r/2 is a line of equilib- 
rium points, stable in the angular direction and neutral 
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Fig. 6: Mapping of self-avoiding walks constrained to pass left 
and right of disks from geometry A to geometry C: all disk 
drawn correspond to the same probability, i.e. same free energy 



in the radial one. Hence the object is brought back to 
the symmetry line and force flow lines are circles r = est 
heading towards 6 = tt/2. A remarkable property holds: 



16 



(11) 



where Vij^ is the (Schramm) probability for a single self- 
avoiding polymer to pass left/right of the point. Hence, if 
the point is in the middle, the fluctuation force is the same 
as for two independent polymers, i.e. mutual avoidance 
does not change the result, as can be checked on (10). 
This is not true if the polymers are on the same side of 
the object. 

Let us consider again the geometry of Fig. 2 with now 
both polymers attached at x = —L, and both passing 
through a hole at x = L, see top right of figure 5. An 
object trapped in the middle acquires a free energy: 



■p 



-fcTlog 



16r2L2sin2(0) 



5(r4-2cos(26l)r2L2 + i4) 



(12) 



The equipotential lines are given on the bottom of figure 
5, with the minimum on the circle of radius L, passing 
through ±L (bold red). This leads to a force 



2/cT (L" - r^)nr + (r^ - L^f coi{Q)ne 



2r2L2cos(26') 



(13) 



which due to (11) is the sum of the forces of two inde- 
pendent SAWs. There is now a semi-circle of equilibrium 
points r = L, which is the image of the vertical straight 
line passing through of geometry A. Note that there is 
no force on the line, thus no stable equilibrium. 

We now argue that trapping occurs in two cases (i) a 
finite-size object, e.g. a small disk; and (ii) a point sub- 
mitted to a thermal bath. From scale invariance the prob- 
ability Vm{4') that two SAWs starting at avoid a disk 
with center on the imaginary axis and pass one left, one 
right, depends only on the angle (j> of the cone drawn on 
the left of Fig. 6 and is clearly a decreasing function of <j), 
with Vm{Q) = 'Pm and Vrn{T^) — 0. Hence a disk of fixed 
size will be pushed to infinity along the imaginary axis. 
Under conformal mapping of geometry ^ to C , discs map 
to discs and the cone to the space between two circular 
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arcs. Assuming conformal invariance of the probabilities, 

all disks shown in Fig. 6 have the same free energy. The 
center of a disk will thus be pushed to the stable equi- 
librium point above the origin, where the largest disk is 
drawn. A quantitative result is possible for small radius 
p. E.g. in the geometry A the no-hit probability for a disk 
centered at x + iy reads p ~ 1 — c(^)^/^ s\v?{8) to lowest 
order in powers of p/y, as extracted from [4, 11, 12], with 
an unknown constant c. This gives the force /cTVlnp. In 
the symmetric case 9 = 7r/2, the force along the radial 
direction is 

which decays as at large distances. 

Consider now a point-like object subjected to the 
Casimir force above plus a thermal bath at tempera- 
ture T' . The equilibrium Gibbs measure for the object 
is P = V{z^z)'^^'^ /Z, and the partition sum of poly- 
mer plus object is .E = j z'P{z,z)'^/'^ . Here V is ei- 
ther Schramm's probability Vo for a single polymer, given 
above Eq. (2), or Vm in Eq. (11) for an object caught be- 
tween two SAWs. For the latter case, equiprobability lines 
are plotted at the bottom of Fig. 5 for T' = T. Depending 
on the geometry and T/T' , Z is either infinite, and the 
object diffuses to the region where the integral is diver- 
gent, or finite and the object is bound. The latter occurs 
for any T' < T in geometry C (top right of Fig. 5), since 
at large r, Vd'^z ~ d6'rdr(sin2(6»)/r2)^/^'. For T = T', 
a natural choice when the two polymers and the object 
are in mutual thermal equilibrium, this geometry is criti- 
cal, hence the object diffuses to infinity. Other geometries 
however exhibit a bound state for T = T'. E.g. the strip 
geometry V has a normalizable distribution. 



V = 

I 777, 



sin^(7r2//i) 



L2 ln2 cosh(27ra;/L) - cos.{2'Ky/L) 



(15) 



and an exponentially localized bound state, with the 

length set by the strip width. An algebraic bound state is 
obtained if, in Fig. 5 with the two polymers going through 
—L and L, one rotates the real negative axis around 
clockwise to form a wedge with angle (f) < w. Then: 



Ha + ^4a _ 2(rL)2a COS (206*) 



(16) 



with a = n/cf) > I (the formula remains true for o < 1 
as a non-normahzable density) and nAfa = 4:0^ /{tjj{^) — 
^(i + 2^.) + «+(Vsin(f)). 

Let us compare the force exerted by one and by two 
polymers. Let us choose the simplest geometry £, the 
infinite strip with the two polymers attached at both ends 
(Fig. 4), where the force is along y. For an object in the 
middle, one has a restoring force towards the neutral axis 
y = L/2 

2kTTr 



Jy 



■ cot 



while the force exerted by two polymers is fy — kTdy In 7^, 
P = 24^cos(^)(l- |) + 367r(l- ^) + 28sin(^) 



+ sin(^) 



(18) 



Its ratio to the force (8) exerted by a single polymer in- 
creases monotonically from ^ (at y = 0) to | (at y = L). 
For an interpretation of the first number see below. 

We can now compute the force exerted by a single poly- 
mer on an object placed on the boundary of the system 
(e.g. the upper half plane H). We use the nice result of [8] 
arising from the so-called restriction property obeyed by 
SAWs. It states that the probability that a SAW (from 
to infinity) does not visit a subdomain A is |s'^(0)|^/^, 
where gA is the map from H \ A to H, which removes A 
and has 5a(0) = 0, and gA^z) ~ z at infinity. Note that 
H \ A must be singly connected, hence the object con- 
nected to the boundary. For a general domain D and 
endpoints a and b on the boundary the probability is 
\9'Aia)n'Aib)\'/' with gA{a) = a and geib) = b. Note 
that a similar result holds for a Brownian excursion, i.e. 
a Brownian from a to 6 conditioned not to hit the bound- 
ary, with the exponent 5/8 replaced by 1. Finally let us 
mention that for a SAW from point a on the boundary 
to point b in the bulk (radial SLE) the probability be- 
comes 

WAiaW^^Aib)]^^^^- In CFT language /ii,2 (with 
hi.2 = 5/8 for K = 8/3) is the dimension of the operator 
<I>i2 creating a curve on the boundary, 2/io = 5/48 is 
the dimension of the bulk operator "So. 1/2 creating a curve 
in the bulk. $i_3 with hi^s = 2 creates two curves on the 
boundary conditioned not to annihilate. When general- 
ized, this implies that the force exerted by n polymers with 
identical endpoints on a given subdomain A connected to 
the boundary is proportional to = n{3n + 2)/8, 

which explains the ratio /ii,3//ii.2 = 16/5 found above, 
see Eq. (18), for small y (point close to the boundary)^. 

The simplest example for an object A connected to 
the boundary is a vertical segment z = a + iy with 
y G [0,/i], which is removed by the map gA{z) = 
\/{z — aY + +sig'a.{a)\/ a? + K^. The no-hit probability 

]sV= {-f;:^f'^^, and the total force / = fcTVlnP is: 



f - ^kT f 
8 0(0"^ -I- h^j 



To obtain the force when the polymer starts at and ends 
at zq = xq + iyo in the half plane, one uses the map v = 
gA^z) which preserves zq rather than 00. Composing gA 
with a Moebius map which maps ff to if, to and 
g{zo) back to zq, one finds a complicated formula which 
simplifies for xq = a to P = {-^T^)^yo^^^'^{yo - h'^f'^'^- 
This gives for the force on the wall fy = — ^ ( „2^ft2 + 
) which diverges as yo ^ h+ . 



(17) 



^ For n polymers ending in the bulk the exponent 5/48 is replaced 
by2Vn/2 = |(^-|)- 
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Fig. 7: Inset: Closing-door geometry. Main plot: h/a times 
the free energy, i.e. (in units of kT) for this geometry, as a 
function of a. The curves are (from top to bottom): h/a = 2 
(dashed, blue), h/a = 1 (thick, solid, red), h/a — 0.95 (thin, 
solid, black), h/a = 1/2 (dotted, thick, black). The last point 
on h/a — 1 curve is obtained analytically in (23). 



Another example is a half disk of radius r centered at 
X = a > 0. The uniformizing map is g{z) = z + ^ + 53^- 
Hence the- no hit probability is V = (1 — ^)^^^, and the 



object is repelled with a force fx — 



5kT „2 
4a 



The polymer piston is interesting for extreme-value 
statistics. Consider the strip geometry V on Fig. 3 and 
add an impenetrable region P (the piston) for x > a. The 
map ha{z) = [cosh(^a) — cosh(-|(z — a))]/[cosh(-|(z — 
a)) + cosh(^a)] maps the strip minus P to the upper half 
plane, and both axes y = and y — L to 0. Hence the 
map which removes the piston is gAiz) = h'^{ha{z)) = 
(L/tt) ln(cosh(7r(z — a)/L)/cosh(a7r/L)) while leaving 
and iL fixed. The no-hit probability is 



V 



\9'Am"'WA{^L)?" = [tanh(Wi)]5/4 (20) 



Note that this is also the cumulative distribution of a;„iax — 
a, the maximum excursion of a SAW. The total force ex- 
erted on the piston is fx = 57r/[2Lsinh(2a7r/L)]. 

Consider now the "door" geometry, i.e. a segment z = 
a-\-te^^ with t E [0, h], of angle a — hir. The relevant map 
w = g{z) has an explicit form in terms of its inverse map 
z = f{'w) with f{w) = a-\-{w — xi)[{w — x-i)/{w — xi)\^, < 
xi < x^ with a = Xi{x3/xi)'' and h = 6^(1 — 6)^~^(x3— xi). 
The no-hit probability is 



P= [/(l-6(l-A.-i))] 



-5/8 



h/a^b''{l-by-''fi-''{^i-l) 



(21) 
(22) 



where fi = x^/xi > 1 is solution of Eq. (22). The numer- 
ical solution is given on figure 7. An interesting limit is 
represented in Fig. 8, where h = 1/ sin(7r/c), a — £-|-cot(7rfc) 
and k = 1 — b tends to zero. One finds that fi — :^ + 0{k'^) 
with w — W{e^'^^^) the product-log function W{z) solu- 
tion of z = We^ . This gives the no- hit probability of the 
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Fig. 8: The probability to avoid a wall starting from {£, 1) to 
(00, 1). Inset: the geometry in question. 



horizontal half-line i + x with x > i, plotted on Fig. 8, 

-5/8 



V 



1 



1 



W^(e^— 1) 



(23) 



Let us now consider the fluctuation force between two ob- 
jects, here two identical slits, mediated by the polymer, 
here in the symmetric position (see figure 9). Following 
[13], the map which produces two slits is for xi < X2 < x^: 

F ^arcsin(^)|^^ (x^ — x^/x^, where E, F and K (be- 
low) are the elliptic E, F and K functions, and our choice 
is 5(0) = = /(O). The condition that f{xi) = /(a;3), 
or equivalently that 5/(2:3) = yields a non-trivial con- 
dition. Define a := xi/x^, j3 := X2/x^. Then for 



< a < /3 < 1: /3(a) 



£(a2)_j;(arcsin(i)|a2) 
P'(arcsin(i)|a2)_/f(„2) ^ ^• 

walls have position ±a and height h (see figure 9): 



a = /(xi) = {E {a^) + (/32 ~ \) K (a^)) ^3 (24) 
h = ^/(xs) E (^arcsin(£)|a2^ 

(/32 - 1) F (arcsin(f )|a2) X3 (25) 

The probability is = |/'(0)r5 = \fi\i. Fig. 10 shows 
a parametric plot of V , and of the interaction energy, as 
function of h/a. 

Consider now a small smooth object described by z = 
X + iy, Q < y < Y{x), away from the origin, i.e. Y(Q) = 
Y{oo) = 0. If we find a function f{t) with only posi- 
tive fourier components f^, such that x = xit) — ^f(t), 
Y{x) = ^f{t) describes the boundary for t real, then 

f{z) = z + /fc^o fke^'^' = ^ + i /t is the inverse 

uniformizing map. In an expansion in powers of Y(x) and 
its derivatives one finds /(z) = /(z) — /(O) with /(z) ~ 

kt'y'm'it')iTh+T^.)^-\t-t'\+-- 
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Fig. 9: Image of the upper half plane, and of lines parallel to 
the real axis (in thick), resp. imaginary (dotted), under the 
map f{w) discussed in the text, which creates two slits, with 
xi = 1, X2 = 1.991, and 13=3. 



This yields the free energy 



5 r [Y^ 
i2 



g{t,t')Y'{t)Y'{t') 



, (26) 



where 2T:g{t,t') = (i^^ + t'-'^)\n\t - t'\ + l/{tt'). For a 
single object centered at position a, Y{t) — h{t — a), the 
repulsive force fx = —da^ decays as fx ~ 5kTA/{4:7Ta^) 
at large distances, with a prefactor A = Y{x{t)) = 
h{t) - i /jj, h'{t)h'{t') In \t - t'\ + 0{h^). In the case 
of two objects, (26) yields their interaction, to lowest or- 
der, mediated by the polymer. For small objects one finds 

^int = -kT^dadbGia, b) ha{t) h{t'). 

The interaction of a small object at z in the bulk with 
an arbitrary object on the boundary removed by the map 
g{z) is obtained from the left passage probability V, gen- 
eralizing Schramm's formula to V — |5'(0)|5 i [l + j^^] . 

The previous calculations can be extended to fluctuation 
forces for an object impenetrable to the interface described 
by SLE for any k. For illustration, the force in geometry 
^ at 9 = Tr/2 reads 



-kT 



ng 



(27) 



Extension to Ising at Tc assumes that the object inter- 
acts only with the interface induced by changes in bound- 
ary conditions, not the bubbles proliferating at critical- 
ity, which seems artificial. Physically meaningful is the 
polymer at the 6 point [10], conjectured to correspond 
to K = 6. Further results follow from recent works: (i) 
from [14] one obtains the force exerted by a loop-erased 
random walk (k = 2) on an object of arbitrary shape, 
(ii) from the double left-passage probability of a SAW [15] 
around points zi , Z2 one computes the Casimir interac- 
tion between two points. Interestingly, when they are 
close and away from the boundary the interaction force 
is attractive and diverges for y ~ yi ~ 1/2, ~ 9i ~ 62 
as I/I - kTA{l - cos6')y-2/3|zi - Z2\~'^/^ with A = 




Fig. 10: Left: The probability that a polymer does not touch 
two slits, as a function of h/a for the geometry of figure 9. 
Right: The free energy in units of kT (solid line), compared to 
the sum of the free energies for a slit left and a slit right (dashed 
line), as a function of h/a. The difference is the interaction free 
energy mediated by the polymer. 

-%/3^r(5/6)/(3r(-2/3)) = 0.287457.... Near the bound- 
ary for small = = V, ^int = -kTy^ /{5xiX2{xi - 
2:2)^) + 0{y^), a repulsive interaction for xi < X2/3- 
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Fluctuation force exerted by a planar self-avoiding polymer 



Appendix A: Radial SLE. — Here we give details 

about a polymer starting at 0. and ending at Zq, and the 
force it exerts on the slit with height h above a. We 
use the formula above Eq. (19) that removes the slit, 
gA{z) = \/{z — aY + + sign(a)\/a^ + h"^- Note that 
the cut of the square root must be such that g{z) ~ z at 
infinity, hence g{x) < for a; < a, and g{x) > for x > a. 
Thus the cut is the real positive axis with gA{x + ie) = 
— \/{x — aY + h? for x < a. In other words, one defines 
in the full plane minus the real positive axis \/x + iy := 

^ ^sign(y) ^i/x^ + y^ + a; + i^^x'^ + y^ -x^ . 

To obtain the force when the polymer starts at and 

ends at Zq = xq + iy^ in the half plane, one has to use the 
map w = gA{z) which preserves zq rather than oo. It can 
be constructed, by composing qa with a second Moebius 
map. The latter maps _ff to _ff , to and g{zo) back to 
Zq. We claim that w and z are related by 



W Zq 



'^a/gizo)) 



1 



-3? 



1 



9{z) g{zo) 



(28) 



where 3? and indicate real and imaginary parts. First, 
all 3? and S> appearing above are real numbers. Thus, w is 
a Moebius transform of g{z) with real parameters. Second, 
z = 0, i.e. g{z) = is mapped onto w = 0. Third, zq is 
mapped to w = zo- Using this, we find 



1^:1(0)1 



\9'a{zo)\ = 



azl^gAjzo) 
\/a?+~h^yo9A{zoY 

yog'Aizo) 



^9a{zo) 



(29) 
(30) 



This leads to 
V = 



^9a{zo) 



9(^o) 



15^(^0) 



The correct definition of the square root is: 

^/x + iy = (sign(y) ^/r + x + i\/r - x) (31) 
v2 

(32) 



\/x2 + J/2 



Hence the true map gA{z) reads for z = a; + iy, y > 0: 

9a{z) = -^(sign(a; - a)s/p + t + is/p - t) 

+sign(a)Va2 + /i2 (33) 
p = ^/{{x - a)2 - y2 + /i2)2 + 4(a. _ a)2y2 (34) 
t={x-af -y^ + h"^ (35) 

One finds: 

{x - aY + 



\9A{z)f = 



^/h^ + 2h?{{x - a)2 - y2) + ((a; _ a)2 + y2y 
{x - aY + 



(36) 



V = 



a^'^zl"-s{9A{zQ)Y"''g'A{zof''^ 



{a- + h^f"'yf"'gA{zoY/' 
This simplifies considerably for a; = a 

^2x5/24 



(37) 



/l2 



5/16 / 2 



(38) 



which is the result given in the main text. 



Appendix B: Force on a disk. — Let us recall [12] 
that the probability that a SAW from 1 to e*'^ on the unit 
disk avoids a disk centered at of radius p <C 1 is 



P(p,0)«l-cp2/3sin2(0/2) , 
where c is still elusive. Consider the map z 



(39) 



equivalent to w = from the upper half plane in z, 

to the unit disk in w, with u'(O) = 1, w{zq) = and 
w(oo) = zq/zq = e""^. We note zq = xo + iyo = roe*^° with 
9o = —0/2. One finds that the circle of radius p centered 
at w = is mapped to a circle in the upper half plane of 
center Zc = Xc + iyc with Xc = xq and yc = yo jz^ ^md 

radius R = 2pyo/(l ~ P^)- Hence yo = \Jyl — ^ and the 
no-hit probability of the circle in the upper half plane is 



.jjhalf-plane ^ 



R 



yl-R^ 



Vc 



i?2 



(40) 



For small R, p ^ Zc = re^^ w zq hence 6 = 60 = —4>/2 
one finds the formula given in the text. 

Another interesting limit studied in [12] is yc — R <^ R- 
There the no-hit probability in the unit disk for > > tt 
is 

7^(^,0) «exp(-^^) . (41) 
In that limit, the leading free energy is 




R 



2(yc - R) 



(42) 



ct>{xl/{2R{yc-R)), 0(t;) = 2arcs in(Vl/(l + ^;)), 

TT and 4) ~ 2^y2R{yc — R)/xc for large Xc- 
Along the symmetry direction Xc = the force is 



with I 

hence 0(0) 



fy^kT 



5n' 



R 



16 V2{yc - i?)3/2 



(43) 



Note that the exponents of the yc dependence matches 
-3/2 for - i? < it!, see Eq. (43) and -5/3 at i? < yc, 
see Eqs. (40) and (14). 
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